On Stochastic Versions of the EM Algorithm by Celeux, Gilles et al.
HAL Id: inria-00074164
https://hal.inria.fr/inria-00074164
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
On Stochastic Versions of the EM Algorithm
Gilles Celeux, Didier Chauveau, Jean Diebolt
To cite this version:
Gilles Celeux, Didier Chauveau, Jean Diebolt. On Stochastic Versions of the EM Algorithm. [Research
Report] RR-2514, INRIA. 1995. ￿inria-00074164￿
On Stochastic Versions of the EM Algorithm

Gilles CELEUX - 
Didier CHAUVEAU - 
Jean DIEBOLT

No 2514
Mars 1995
PROGRAMME 5
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
IS
S
N
 0
24
9-
63
99
appor t  
de  r ech er ch e 
On Stochastic Versions of the EM Algorithm

Gilles CELEUX - 
Didier CHAUVEAU - 
Jean DIEBOLT

PROGRAMME 5 - Traitement du signal,
automatique et productique
Projet SYSTOL
Rapport de recherche no2514 - Mars 1995 - 22 pages
ABSTRACT : We compare three different stochastic versions of the EM 
algorithm: 
The SEM
algorithm, the  SAEM algorithm  and the MCEM algorithm. We suggest that 
the most relevant
contribution of the  MCEM methodology is what we call the 
simulated annealing MCEM
algorithm, which turns out to be  very close to SAEM. 
We focus particularly on the mixture of
distributions problem. In this 
context, we  review the available theoretical results on the
convergence 
of these 
algorithms and on the behavior of  SEM as the sample size tends to infinity.

The second part is devoted to intensive Monte Carlo numerical 
simulations and a real data study.
We show that, for some particular 
mixture situations, the SEM algorithm is almost always
preferable to the EM 
and 
simulated annealing versions SAEM and MCEM. 
For some very
intricate mixtures, however, 
none of these algorithms can be confidently used. 
Then, SEM  can be
used as an efficient data exploratory 
tool  for locating significant maxima of the likelihood
function. 
In the real data case, we show that the SEM stationary distribution 
provides a contrasted
view of the loglikelihood by emphasizing 
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Résumé : tsvp
Sur des versions stochastiques de l’algorithme EM
RESUME : Nous comparons différentes versions 
stochastiques de l’algorithme EM : les
algorithmes SEM, SAEM et MCEM. 
On suggère que l’utilisation la plus pertinente de MCEM
réside 
dans une version de type recuit simulé qui le rapproche de SAEM. On 
analyse
particulièrement le comportement de ces algorithmes pour 
l’identification d’un mélange de lois de
probabilité. 
Dans ce contexte, on passe en revue les différents résultats théoriques 
sur la
convergence de ces algorithmes et aussi sur le comportement 
asymptotique de SEM. Une
deuxième partie est consacrée 
à la comparaison des algorithmes 
sur la base de simulations de
Monte Carlo intensives et sur une étude de 
cas réel. De ces études, il ressort que SEM est souvent

préférable aux autres, mais que pour des mélanges très imbriqués, 
aucun des algorithmes ne
donnent des résultats fiables. Ainsi, SEM 
peut être vu comme un outil efficace pour détecter les
maxima 
locaux intéressants de la vraisemblance. De plus l’étude du cas réel, 
met bien en évidence
le fait que la distribution stationnaire de SEM 
donne une vue exploitable de la fonction de
vraisemblance en accentuant 
les différences entre les maxima locaux de cette vraisemblance.                                                                                                            
MOTS-CLES : MODELES A DONNEES INCOMPLETES, ALGORITHMES

STOCHASTIQUES, MELANGES DE LOIS DE PROBABILITE, SIMULATIONS DE MONTE
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eMU Ã h¶Õ/` ÃÉ/Ã:Z `\Ö*X Z ` R UBU/È Ä g Ç ÏXH]MeM` Ã heM`\UWV U*b-ÒU*b Z U/ÔchieM`\V Â e R X [ UW]MedXcbM`\U*b Ã U­È­XUÒ>hÈB`\]MeMbd` Ë/É eM`\UWV Ä À hV/V/XHb
hV>È±×ØUWV Â Ì%Í*ÙWÎ qÚ bMXcXcV»Ì%ÍWÍ*ÛhiV>È±×ØXc`mhiV>È À hV/V/XHbÌkÍ*Í*ÛWÏÊÒU*b`\V>ÔjU Ã	[1Z XHeMXÈ/he?h/ÜÝ$UÞuXcaWXcb q ÈBXH] [ `\eMX
h [/[ X%h Z `\V Â ÒXkhe É bMXc] q e R XÐÁ§gÅh Z\Â UWbM`\e R1Ã·R hi]6]MXcaWXcbIh Z ÞuX Z\Z YÈ­U­Ô É/Ã XcVBedX%È Z ` Ã `\eIhieM`\UV/]%ß K eM] Z ` Ã `\eM`\V Â¤[ U*]d`\eM`\U*V
ÔchV]deMbdU*V ÂWZnà ÈBX [ XcV-È±U*V`\eM]]deIhbdeM`\V Â"[ UW]M`\eM`\U*V q `\ed] bIhieMXUÒÐÔjU*VBa*Xcb Â XcV-Ô?X	ÔchV Ë X [ hi`\VBÒ É/Z\Z\à ] Z UÞáhV-È`\e
ÔchV [ bMUaB`8ÈBX$h]Ih*È1È Z X [ UW`nVBe6UÒ-e R X Z `\Ö*X Z ` R UBU/ÈÒ É V-Ô?eM`\U*V ÄZ Ü ÒIÜÏbIhie R Xcb§e R hiV	h Z U/Ôch ZÃ hkÕ/` Ã_É1Ã Ü>gUWbMXcUaWXcb q
`nV"]MU Ã X¦ÔHh]MXH] q e R X Ã hkÕ/` Ã `âkheM`\UWV_]deMX [ UiÒ¥Á¤g`\]$`\VBeMbIhWÔ?eIh Ë/Z X*Ü
p XHa*Xcb?h Z h É e R U*bd] R hka*X [ bdU [ U*]dX%Èa*hbd`\U É ]uV/U*V1]MeMU/Ô R hi]MeM`8Ô` Ã"[ bMUaWX Ã XcVBed]TUWV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Ý$UÞuXca*Xcb q V/U*V/XuUÒ/e R Xc]MX$` Ã"[ bMUaWX Ã XcVBed]>bdXc] É/Z edX%È`\V_hÔ?U Ã"[/Z XceMX Znà ]IhieM`\]PÒhWÔ?eMUWb à a*XHbM]M`\UWVUÒªÁ§gØÜ À R X Ë hi]M`8ÔÃ U*ed`\a*heM`\UVUÒ>X%hWÔ R UiÒ>e R Xue R bMXcX$]deMU/Ô R h]deM`8Ôua*Xcbd]M`\U*V1]TUiÒ>e R XÐÁ¤gäh Z\Â U*bM`\e R/Ã e R heAÞmXu]Me É È à `\Ve R X [ bdXc]MXcVBe[ h [ Xcb$`\]medU_UaWXcbIÔjU Ã X$e R Xh Ë Ua*X?Y Ã XHVed`\U*V/X%È Z ` Ã `\e?heM`\UWV/]UiÒ¥Á¤gØÜ À R Xc]MX]deMU/Ô R h]deM`8Ôa*Xcbd]M`\U*V1]$UÒTÁ¤gèhbdX
e R X p Á¤g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hV>È À hV/V/XHb q Ì%Í*Í1Ì%ÏHÜ À R X [/É b [ U*]dXUÒ$e R X [ bMXH]MXcVBe [ h [ Xcb`\]eMUëÔjU Ã	[ hbMXe R XÔ R hbIhWÔ?eMXHbM`\]Med`¬Ôj]_UiÒÐe R Xc]MX
]MeMU/Ô R hi]MeM`8ÔÑa*Xcbd]M`\U*V/]UÒ Á¤ghV>È±edUÒU/Ô É ]U*VØe R X	bdX Z heM`\UWV/] R ` [ ] Ë XcePÞuXcXcVDg o Á§gðhV-È±e R X"ePÞmUUWe R XHb
h Z\Â UWbM`\e R/Ã ]%Ü
À R X Ã U*ed`na*hieM`\U*V1]$UÒ$e R X"`nVBedbMU/È É Ô?ed`\U*V±UÒ h	]d` ÃÉ/Z heM`\UWV]deMX [ñÃ hiÖ`\V ÂÉ ]MXUÒ [ ]dX É ÈBUWbIhV-ÈBU Ã ÈBb?hkÞ$]
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ù$úûüýdþÿ *ÿcþ	 Iú
 ¥k%~*H)~¤«8}PPc)c}¤H?) «\*~d?$}M}6c>c©Hm W¹%}P*kk¦-8 c)?
kk~*c8~-«\$ *c8j1*~}?/Pckk~?¹%?Ð1*j/
-¢cB}M}M-¡¢8 ! 
"
   kk~*c)~/})?*?/)*}T-»c?)
ÈB`ªXcbdXcVBe Ã U*ed`\a*heM`\UWV/] qBË U*e R p Á§g"Y p­O Á¤gîhiV>Èg o Á¤g÷ÔchiV Ë X	Ô?U*V1]M`8ÈBXcbdX%ÈØh]bIhiV>ÈBU Ã [ Xcbde É b Ë hed`\U*V/]
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U*b RBàB[ Xcb Ë U Z `¬ÔTö/Õ/X%È [ U*`\VBeM]UÒ>Á¤g q hi]ÞmX ZnZ h]¨ÒbMU Ã `\eM]]deIh Ë/Z X6ö/Õ/X%È [ U*`\VBeM]Ô?UWbMbdXc] [ U*V>È­`nV Â edU$`\V/]M` Â V1`öÔchVBeZ U/Ôch Z*Ã hkÕ/` Ã hUiÒ/e R X Z Ü Ò?Ü O ]ThÔ?U*V/]dX	 É XcV>ÔjX q e R X$h Ë Ua*X Ã XcVBed`nUWV/X%È [ U*]M]d` Ë/Z X¤] Z UÞØÔ?U*VBa*XHb Â XHV>Ô?X$]M`\e É hed`nUWV/]
UÒ¥Á§ghbdX_hka*UW`¬È­X%ÈÜ¤gUWbMXcUaWXcb q e R X É V>ÈBXHb Z\à `nV Â Á¤gÈ à V>h Ã `8Ô?] R X Z\[ ]$e R X Ã eMUö>V-È Â UBU/È"Xc]Med` Ã hedXc]$UÒ
e R X [ hibIh Ã XcedXcb6`nVhÔ?U Ã	[ hibIhieM`\a*X Z\à ] Ã h Z\Z V É/ÃË XcbAUÒ`nedXcbIhieM`\U*V1]%Ü
A`\V>h Z\Z\àq e R X$]deIhieM`\]Med`¬ÔHh Z Ô?U*V/]d`8ÈBXcbIhieM`\U*V1]
ÈB`\bMX%Ô?ed`\V Â e R Xu]M` ÃÉ/Z hed`\U*V]MedX [ UÒ>e R Xc]dX¦h Z\Â U*bM`\e R/Ã ] Z X%h*ÈeMUh [ bMU [ XHbmÈ/he?hkYMÈBbM`\aWXcV]IÔHh Z `\V Â UÒ>e R X$bIhiV>ÈBU Ã[ Xcbde É b Ë hed`\U*V/]kÜ K V p X%ÔjeM`\U*Vå q ÞuX [ bdXc]MXcVBeX%h*Ô R UiÒTe R Xc]MXe R bMXcXh ZnÂ U*bd`ne R/Ã ]6`\Ve R X¦]?h Ã X Â XcV/XHbIh Z ]dXceMed`\V Â>q
e R X$`8ÈBX%hi]6Þ R `8Ô RÉ V>È­Xcb Z\à e R X Ã hiV>Èe R Xc`\b¤ÖWX à[ bdU [ XcbMed`nXH]%Ü K V p X%ÔjeM`\U*V	ì q ÞmXu] R UÞ R UÞ³e R Xc]MXh Z\Â UWbM`\e R/Ã ]
h [/[/Z\à eMUe R X Ã `Õ/e É bMX [ bdU Ë/Z X Ã Ü Ú `\a*XHV]MU Ã X bdX?ÒXcbdXcV>Ô?X Ã X%h] É bMX q h_ÈBXHV/]M`\e à¨Ä ÏÊ`\]Ðh´ö>V/`\eMX Ã `ºÕ/e É bdX$UÒ
ÈBXcV/]d`ned`\Xc]uÒbMU Ã ]dU Ã X [ hibIh Ã XceMXHbM`\âcX%ÈÑÒh Ã ` Z\à§Ä Ïuß ! `ºÒ
Ä Ì*Ü\ÌkÏ Ä" Ï $#%& '(	)
& §Ä* & Ï
ÒU*b]dU Ã Xö>V/`\eMX"`nVBedX Â Xcb,+ q Þ R XcbMXe R X	ÞuXc` Â*R eM] )
&
hbMX"`\V Ä Û  ÌkÏhV-ÈØ] É1ÃãÉ1[ eMU±U*V1X*Ü À R X Ã `Õ/e É bMX[ bMU Ë/Z X Ã Ô?UWV/]M`\]deM]u`nV`8ÈBXcVBeM`ºÒ à `\V Â e R XÞmXc` ÂWR ed`\V Â[ hb?h Ã XHeMXcbd] ) ( .-.-	-/ ) # hiV>Èe R X [ hbIh Ã XcedXcbM]  ( 	-.-	-// #UÒme R XÔjU Ã	[ U*V1XcVBe¦ÈBXcV1]M`\eM`\Xc] q U*V±e R X Ë hi]M`\] UiÒÐh"]Ih Ã"[/Z XUÒm`PÜ `PÜ È¨ÜBU Ë ]dXcbMa*hieM`\U*V/]  ( 	-.-.-/.0 `\]M] É X%ÈÒbMU ÃÄ Ì*Ü\ÌkÏ?Ü À R X Ã `ºÕ/e É bdX [ bMU Ë1Z X Ã hiV>È`\eM]a*hbM`8hieM`\U*V/] hiV>ÈX?Õ/edXcV/]M`\UWV/]hbMXh Ã UWV Â e R X Ã UW]Me$bMX Z XHa*hVBe¦hibMX%hi]
UÒ¥h [/[/Z `8Ôched`\U*V	UiÒTe R X_Á¤g Ã XHe R U/ÈBU Z U Â*à"ÄN X%ÈBV/XcbhV>ÈÑ×³h Z Ö*XHb¦ÌkÍ*Ù1 q À `\eMeMXHbM`\V Â edU*V q/p­Ã `\e R hiV>ÈghÖWUa
Ì%Í*ÙWí*ÏHÜ K V p XkÔ?eM`\U*V21 q e R X Ã h`\V_bdXc] É1Z ed] Ô?U*V-Ô?XcbMV1`nV Â e R XÔ?U*VBa*XHb Â XHV>Ô?X [ bMU [ XHbMeM`\Xc]$UiÒTe R X¦h ZnÂ U*bd`ne R/Ã ]6Á¤g qp Á¤g qBpBO Á§gãhiV>Èg o Á¤gõ`\Vh Ã `Õ/e É bMX [ bdU Ë/Z X Ã ]MXcedeM`\V Â hbMXbMXcaB`\XcÞuX%ÈÜ K V p X%ÔjeM`\U*Ví q ÈBXceIhi` Z XkÈ	gUWVedXo hb Z U]M` ÃÉ/Z hed`\U*V/]6` Z\ZnÉ ]MeMb?hedX¦hV-ÈÔjU Ã	[ hbMXe R X [ bIhWÔ?eM`8Ôch ZË X R hka`\UWb$UÒTXkh*Ô R h Z\Â UWbM`\e R/Ã `\V]MXcaWXcbIh Z ö>V1`nedXÃ `ºÕ/e É bdX¦]d`\e É hieM`\U*V/]kÜ K V p X%Ô?eM`\UWV Ù q Á§g hiV>È p Á¤g÷hbdXh Z ]MUÔjU Ã	[ hbMXkÈ"ÒU*bh"bMX%h Z È1heIh"]dXce]Me É ÈB`\X%È ËBàê hi]PÒUWbIÈhV>È"gÔ Ç h*Ô R/Z hV Ä ÌkÍ*ÙWí*ÏcÜ
3½4 ;+6587÷<(:96F9'8G;; <C7:'8G,_,HGF¿-;<,HG'¿ =+/9,H'FC,
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À R X$Á¤gÅh Z\Â U*bd`\e R/ÃQÄPÆ X Ã	[ ]deMXcbPO/QRST/Ì%ÍWÎ*ÎWÏ-`n]hiV`\eMXcb?hed`naWX [ bMU/Ô?X%È É bMX ÈBXH]M` Â V/XkÈeMUÊö>V>Èg Ç XH]MeM` Ã heMXH]
`nVe R XÔ?U*VBedX?Õ/emUiÒ [ hibIh Ã XceMbd`8Ô Ã U/ÈBX Z ]¤Þ R XHbMXe R XU Ë ]dXcbMaWX%ÈÈ/he?h_ÔHhV Ë X aB`\XcÞuX%Èh]u`\V>Ô?U Ã"[/Z XceMXWÜ K V	e R `\]
] É/Ë ]dX%Ô?ed`nUWV q ÞmX Ë bM`\X/U à bMXHa`\XcÞe R X Ã h`\VïÒX%he É bMXH]UiÒÁ¤gØÜ À R X U Ë ]dXcbMaWX%È·È1heIhWV hibMX] É/[/[ U*]MXkÈDedUË X`\]M] É X%È ÒbMU Ã e R XÈBXcV1]M`\e àYX6Ä V8Z [Ï$Þ$`\e R bMXc] [ XkÔ?e_edU]MU Ã X]\1Yö>V/`\eMX Ã X%hi] É bdX_^`V$Üô É b¦U Ë æ?X%Ô?ed`\a*X`\] edU
Xc]Med` Ã hedXa[ ËBà S[  hb Â¤Ã h¶Õcb Ä [Ï q Þ R XcbdXdb Ä [Ï :Z U Â
X6Ä VeZ [ÏHÜ À R X Ë hi]M`8Ô6`8ÈBX%hÊUÒªÁ§g²`\]eMUeIhiÖ*XmhWÈBa*hVBeIh Â X
UÒme R X É ] É h Z X?Õ [ bdXc]M]d` Ë ` Z `\e à `\VëhÔ Z UW]MX%È ÒUWb Ã UiÒÐe R Xg Ç XH]MeM` Ã heMXUÒue R X	Ô?U Ã	[/Z XcedX_È/hieIhf ®Ä V /g ÏcÜ
Ý$XcbdX q
g ÈBXHV/U*edXc]_e R X É V/U Ë ]dXcbMaWX%È Ä UWb Z hedXcVBeIÏÈ/hieIh1Ü À R X	Á¤gîh ZnÂ U*bd`ne R/Ã bMX [/Z h*Ô?Xc]e R X Ã h¶Õ/` Ã `\â%hieM`ºU*V
UÒTe R X É V1ÖV1UÞ$V Z Ü ÒIÜIh Ä fPZ [ÏuUÒ6e R X_ÔjU Ã	[1Z XHeMXÈ/he?h,f ËBà ] É ÔcÔ?XH]M]M`\aWX Ã hkÕ/` Ã `\â%hed`\UV/]¤UÒ¤e R X_Ô?UWV>ÈB`\eM`\U*V-h Z
X?Õ [ X%ÔjeIhed`\U*Vji Ä [.k  [Ï UiÒ Z U Â h Ä fPZ [.knÏ Â `naWXcVYVñÒUWb e R XÔ É bMbMXHVeö>eUÒme R X [ hb?h Ã XceMXcbl[BÜ_gUWbMXÒU*b Ã h ZnZ\àBqZ XHe]m Ä"g Z V  [Ï  h Ä fPZ [Ïon X6Ä V8Z [Ï ÈBXcV1U*eMX"e R XÔ?U*V-ÈB`\eM`\U*V>h Z ÈBXcV/]d`ne à UiÒ gñÂ `naWXcVjVDÞ$`\e R bdXc] [ X%Ô?eedU]MU Ã X\1Yö>V1`nedX Ã X%hi] É bdXA^ g Ü À R XcV
Ä å/Ü\ÌkÏ i Ä [ k  [Ï qpIr¤Z U Âs h Ä fPZ [ k Ïutvm Äg Z V  [Ï*^ gN
Þ R XcbMXew ÈBXcV1U*eMXH]$e R X]Ih Ã"[/Z X$] [ hWÔ?XUÒe R X Z hedXcVBemÈ/hieIh g Ü Ú `\aWXcVe R XÔ É bMbMXHVe h [/[ bdUkÕ­` Ã heM`\UWVA[.xedU_e R X
g Ç Xc]deM` Ã hieMX$UÒe R X U Ë ]MXcbda*X%ÈÈ/hieIh q e R X¦Á¤gä`\eMXHbIhed`\U*V[.xy ( {z 0 Ä [.x*Ï6`\VBa*U Z a*Xc]6ePÞuU]MedX [ ]%ß À R X¦Á±]deMX [
Ô?U Ã"[/É eMXH]8i Ä [  [.x¶Ï$hiV>È"e R Xgé]deMX [ ÈBXcedXcb Ã `\V/Xc]8[.xy (  hib Â¤Ã hkÕ:|i Ä [  [.x¶ÏHÜ À R `\] É/[ È/hed`\V Â[ bMU/Ô?XH]M]`\]
bMX [ X%hedX%È É VBed` Z ÔjU*VBa*Xcb Â XcV-Ô?X_`\] h [/[ hbdXcVBe%Ü
À R XÁ¤g÷h Z\Â UWbM`\e R1Ã R hi]e R X Ë h]d`8Ô [ bMU [ XHbMe à e R hie X%hWÔ R `\eMXcb?hed`nUWVë`\V>ÔjbMX%hi]MXc]e R X Z Ü ÒIÜ q `Ü X*ÜIb Ä [.x/y ( Ï~}b Ä [.xÏÞ$`\e R X	 É h Z `\e à `i Ä [.xy (  [.x¶Ï  i Ä [.x  [.xÏcÜ O È­XceIhi` Z X%È±h*ÔHÔ?U É VBeUiÒÊÔjU*VBa*Xcb Â XcV-Ô?X [ bMU [ XcbdeM`\Xc]UÒ
e R X$]dX	 É XcV>Ô?X  [.x  Â XcV/Xcb?hedX%È Ëà Á¤géÔchiV Ë XÊÒU É V>È`\V Æ X Ã"[ ]MedXcbOQcRST Ä Ì%Í*ÎWÎ*Ï6hV-È× ÉÄ Ì%ÍWÙ*ìWÏcÜ ^ V>ÈBXcb
] É `\eIh Ë/Z X_bdX Â*É1Z hibM`\e à Ô?U*V-ÈB`\eM`\U*V/] qN [.x  ÔjU*VBa*Xcb Â Xc]eMUh"]MeIhieM`\U*V-hb à [ UW`nVBeUÒ8b Ä [ÏHÜ ê§É eÞ R XcVëe R XcbdXhbdX
 u¶-}}P *©Wm*1*? *H}M?  ?*¶A}¡? 
]MXcaWXcbIh Z ]Me?heM`\UWV>hb à¦[ U*`\VBeM] ÄZ U/Ôch ZBÃ hkÕ/` Ã h q?Ã `\V/` Ã h q ]IhWÈ/È Z X [ UW`nVBed]IÏ q` [.x  ÈBUBXc]6V/UWeTV1X%Ô?Xc]d]Ihbd` Znà Ô?U*VBa*XHb Â X
eMUh]d` Â V/`ºöªÔchiVe Z U/Ôch Z-Ã h¶Õ­` ÃÉ/Ã UÒ
b Ä [ÏHÜ K V [ bIhWÔ?eM`8Ôch Z ` Ã	[/Z X Ã XHVe?hed`nUWV/] q e R XÁ¤gèh Z\Â UWbM`\e R/Ã²R hi] Ë XcXcV
U Ë ]dXcbMaWX%ÈñeMU Ë XXjÕ­edbMX Ã X Z\à ] Z UÞ®`nVñ]MU Ã X Ä ` Ã	[ U*bMe?hVBeIÏh [/[/Z `8ÔchieM`\U*V/]kÜ O ]"V/U*edX%Èñ`\V Æ X Ã	[ ]MeMXHb O/Q_RSTÄ Ì%ÍWÎ*ÎWÏ q e R XÔ?U*VBaWXcb Â XcV>Ô?X±bIhieMXUÒ_Á¤g Ä hie Z X%h]deÞ R XcVDe R X`nV1`ned`8h Zu[ UW]M`\eM`\U*Vñ`\]V/U*eedUU±ÒPhbÒbMU Ã e R X
eMb É Xa*h Z\É XUÒ¤e R X [ hibIh Ã XceMXHbIÏu`\] Z `nV1X%hb hiV>È Â Ua*XHbMV/X%È Ëà e R X´ÒbIhWÔ?eM`\U*VUiÒ Ã `\]M]M`\V Â `\VBÒUWb Ã hieM`\U*VAÜ À RBÉ ] q
] Z UÞ Ô?UWVBa*Xcb Â XcV>ÔjX Â XcV1XcbIh ZnZ\à h [/[ X%hibM]uÞ R XcV	e R X [ bMU [ U*bdeM`\U*VUiÒ Ã `\]M]d`\V Â `\VBÒUWb Ã heM`\UWV`\] R ` Â*R Ü6gUWbMXcUaWXcb q
Þ R XcVe R X Z U Â Y Z `nÖWX Z ` R UBU­È] É bPÒhWÔ?X$`\] Z `\eMeMXHbMX%ÈÞ$`\e R ]IhWÈ/È Z X [ U*`\VBeM]mhiV>È] É/Ë YPU [ ed` Ã h ZBÃ hkÕ/` Ã h q e R X Z ` Ã `\eM`ºV Â[ UW]M`\eM`\U*V"UÒ¤Á¤g Â bMXkhe Z\à ÈBX [ XcV>ÈB]U*V`\eM]$`\V/`\eM`8h Z-[ U*]M`\ed`nUWVÜ
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À R X p Á§gðh Z\Â U*bM`\e R/ÃÄPê bdU*V/`8hedUÞ$]MÖB` q¤o X Z X É Õ hiV>È Æ `\X Ë U Z e	Ì%ÍWÙ*ì q hiV>È o X Z X É Õ hV>È Æ `\X Ë U Z e	ÌkÍ*ÙWí q
Ì%Í*ÙWÎ*Ï R h] Ë XcXHV ÈBXc]d` Â V/X%ÈñedU hiV/]MÞuXcbe R Xh Ë Ua*XjY Ã XcVBeM`\U*V/XkÈ Z ` Ã `\eIhieM`\UV/]UÒ¦Á§gØÜ À R X Ë h]M`8ÔÑ`¬È­X%h É VBY
ÈBXcb Z\à `\V Âp Á¤g `n]eMUbdX [/Z h*Ô?X"e R X	ÔjU Ã	[1É eIhieM`\U*VØhV>È Ã hkÕ/` Ã `â%hieM`\U*VUiÒi Ä [  [.x¶Ï Ëà e R X ÃÉ Ô R ]d` Ã"[/Z Xcb
Ô?U Ã"[/É eIhieM`\U*VUÒ m Äg Z V  [.x?Ï6hV>È]d` ÃÉ/Z heM`\UWV$UÒªhiV É V/U Ë ]MXcbda*X%È [ ]dX É ÈBUW]Ih Ã"[/Z X g x q hV-Èe R XHV_edU É/[ È/hedXd[.x
U*Ve R X Ë h]M`\]UÒme R X [ ]MX É È­UYMÔ?U Ã"[/Z XceMX%Èø]Ih Ã"[/Z X!fx ²Ä V /g xcÏcÜ À RBÉ ] qp Á§g`\V>Ô?UWb [ U*b?heMXH]´hÑ]MedU­Ô R hi]Med`¬Ô
]MeMX [:Äp ]MedX [ Ï Ë XcePÞuXcXcVñe R X	Á»hV>ÈØg ]MedX [ ]kÜ À R `\] p ]MedX [ `\]ÈB`\bMX%Ô?edX%È ËBà e R X p edU­Ô R hi]Med`¬Ô KPÃ"[/É e?heM`\UWV
r6bM`\V>Ô?` [/Z X*ß Ú XcV/XHbIhedX_hÔ?U Ã	[/Z XcedX%È"]Ih Ã"[/Z X!fx QÄ V g xcÏ ËBà ÈBbIhkÞ$`\V Âg xÒbdU Ã e R X_ÔjU*V>ÈB`\ed`nUWV>h Z È­XcV/]M`\e àm Äg Z V  [.xIÏ Â `\a*XcVe R XU Ë ]dXcbMaWX%ÈÈ/hieIhV q ÒUWb$e R X_Ô É bMbdXcVBe ö-e8[.xUÒ¤e R X [ hb?h Ã XceMXcbkÜ p Á§g Ë h]d`8Ôch Z\Z\à eMXc]deM]
e R X ÃÉ e É h Z Ô?UWV/]M`\]deMXcV>Ô à UÒ e R X	Ô É bdbMXcVBe ÂWÉ Xc]M]UÒ e R X [ hibIh Ã XceMXHb_hV>È±UiÒ e R XÔ?U*bdbMXc] [ UWV>ÈB`\V Â±[ ]MX É ÈBUY
Ô?U Ã"[/Z XceMX%Èø]Ih Ã"[/Z Xc]%Ü p `nV-Ô?Xe R X É/[ È/hedX%È±Xc]deM` Ã hieMX][.x/y ( `\]e R Xg Ç Xc]Med` Ã hedXÔjU Ã	[1É eMX%ÈøU*V±e R X Ë h]d`\]
UÒ8fx q hV³hV-h Z\à eM`8ÔX?Õ [ bMXH]M]M`\UWV³UÒ[.x/y ( h]_h"Ò É V>Ô?ed`nUWVØUÒ8fxÔchiV Ë X	ÈBXcbM`\aWX%ÈØ`\V³hÔ Z UW]MX%È ÒUWb Ã `\V h Z\Z
bMX Z Xca*hiVe$]d`\e É hieM`\U*V/]kÜA`\bM]de q `\e	`\]ÞmUWbMe R V/U*ed`\V Â e R he q `nV]MU Ã X]M`\e É hed`nUWV/] q e R X³g]deMX [ UiÒ_e R X³Á¤gòh Z\Â U*bd`\e R/Ã `\]	V/UWe
hV>h Znà ed`¬ÔHh Z\Z\à eMb?h*Ô?e?h Ë/Z X Ä X*Ü Â Ü q e R Xg ]deMX [ `\V"e R XÔ?UWVedX?Õ/e UiÒT×ØXc` Ë/É/Z\Z-Ã `ºÕ/e É bdXc]¤Þ$`\e R Ô?XHV/]MUWbMX%ÈÈ1heIh q ]MXcXouR h É aWX%h É ÌkÍ*ÍWå q UWb¤`\V_e R X¦Ôchi]MXUÒhÔ?U*VBaWU Z\É eM`\UWV_UWb Ë/Z `\V>È]dU É b?Ô?X]MX [ hbIhieM`\U*V Ã U/ÈBX ZPq ]MXcX Ç hkaB`\X Z\Z X¦ÌkÍ*ÍWì q
hV>È Ç hkaB`\X Z\Z X hiV>È	gøU É/Z `\V/Xc] ÌkÍ*ÍWí*ÏcÜ p `\V>Ô?X p Á§g Ã h¶Õ/` Ã `âcXH]¤e R X Z U Â Y Z Ü ÒIÜUÒe R X [ ]MX É ÈBUYMÔ?U Ã	[/Z XcedX%È	È/hieIh q
`ne$ÈBUBXc]V/U*e$`\VBa*U Z aWX$] É Ô R È­`ÓÔ É/Z eM`\Xc]%Ü
À R XbIhiV>ÈBU Ã ÈBbIhkÞ$`\V Â ] [ bdXca*XcVBeue R X]MX	 É XHV>Ô?X  [.x  $Â XcV/XHbIhedX%È ËBàp Á§g®ÒbMU Ã Ô?UWVaWXcb Â `\V Â eMUe R Xuö>bd]Me
]MeIhieM`\U*V-hb à[ U*`\VBe$UÒme R X Z U Â Y Z Ü Ò?Ü*`\e XHV>Ô?U É VedXcbM]kÜ O eX%hWÔ R `\eMXcb?hed`nUWV q e R XcbdX`n]hV/UWVBYPâcXcbMU [ bdU Ë h Ë ` Z `ne à UÒ
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Fig. 1 : True mixtures densities
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fig. 2 : EM & SEM-mean iterations
 N=100, n=600, init Equal, no switch
EM estimate
SEM estimate
true value
SEM failures
starting position
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fig. 3 : SEM-mean iterations
 N=100, n=600, init Kmeans, no switch
SEM estimate
true value
SEM failures
starting position
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fig. 4 : Marginal stationary distribution of SEM
  for the proportion p1 (10 000 iterations)
fig. 5 : Marginal stationary distribution of SEM
  for (p1,mu_22) (10 000 iterations)
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